Tabulations are presented of relativistic Hartree-Fock-8later modified atomic form factors from x = ° to 100 A -I for all elements from Z = 1 to Z = 100. These modified form factors represent the atomic Rayleigh scattering amplitudes with good accuracy at energies well above theK-sheli binding energies and small momentum transfex:s and therefore should be used instead of the normal relativistic atomic form factors In the MeV energy range.
Introduction
The elastic scattering of photons by atoms is composed of the following elementary processes: atomic Rayleigh (R) scattering by its bound electrons, I Delbriick ID) scattering by the electrostatic fit::ld uf the: lluclc:u:s,2-4 and nuclear seattering. One part of the nuclear scattering process is coherent with R and D scattering and may be split up into two portions: (i) into the center-of-mass motion of the nucleus, i.e., nuclear Thomson (T) scattering, and (ii) into scattering via photoexcitation of the giant-dipole-resonance (GDR) of the nucleus (N). For the N scattering process the terms "nuclear Rayleigh" Or "nuclear resonance" scattering have been used in the literature. At energies well above the particle threshold, where the widths of nuclear levels are much larger than the distances between levels, the imaginary and the real parts of the N scattering amplitude can be calculated from the nuclear photoabsorption cross section via optical theorem and dispersion relation, respectively. Below the particle threshold, the N :scattering amplitude has only a real part which to a good approximation may be calculated in the same way as described for energies in the continuum GDR region. A discussion of nuclear scattering has been given in Refs. 3, 5, and 6 . In addition to the coherent elastic scattering processes discussed above, incoherent elastic scattering may take place either by photoexcitatioD of isolated nuclear levels or by the tensunw e:.lI.citation of the GDR. 7 The present paper is concerned with R scattering in the aJ supported by the Deutsche Forschungsgemeinschafi, contract SCHU 222.
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MeV energy region. Here, R scattering is the dominating process at small angles and is unimportant at large angles. "Exact" calculations of R scattering may be based on the second-order S-matrix of quantum electrodynamics (QED} and self-consistent relativistic (DHFS) wave functions.
Though recently there bas been considerable progress in carrying out these exact calculations,t·4.8 there is still a need for approximations. The reasons for this are that the exact calculations have been pnllllihie only for few inner shells and that in the forward direction many subshells contribute to the R scattering process, leading to large computational difficulties when treated by the exact procedure.
The approximation commonly used at low energies is the form factor based on appropriate nonrelativistic or relativistic wave functions, supplemented by dispersion corrections which are necessary when the photon energy is close to the binding energy of an atomic shell. This procedure has a firm theoretical basis in the nonrelativistic limit but leads to sizable discrepancies between theory and experiment already at the near relativistic energy of 60 keY.
9 At intermediate energies above 100 keV dispersion effects become small, but irrespective of this the form factor only leads to a rough approximation of the exact amplitude. At MeV energies and large angles the form factor completely loses validity. 10 In the forward direction the optical theorem E 1m A (E,O) = 41rlic atE) (1) and the subtracted dispersion relation 1 r"" E 12u(E ') de I (2)
ReA (E,O) = ReA (co,O) + 2-rr1ic p Jo E'2 _ E2 make a firm prediction about the imaginary and real parts of the scattering amplitude A in terms of the cross section u.
The cross section (J is equal to the photoelectric cross section gy), and equal to 0"., -0"., above 2moe -E, with q"., elOg the cross section for a pair. production process,where.the electron of the electron-positron pair is .created in an unoccupied bound state. I Then, at high energies (> 500 ke V) a finite-angle approximation may be obtained by neglecting the temlS containing u and by using the Thomson amplitude
(where e is the electron charge, mc 2 the electron rest mass, Ef' Ej the final and initial photon polarization) as high-energy limit for the single electron. This procedure extrapolates the zero-angle results of Eq. (2) to finite scattering angles and leads to the form factor approximation Conversion of q arguments to x arguments is accomplished by multiplying q by the factor 20.60744. However, as has been stressed by Goldberger and Low, II the conjecture that the Thomson amplitude represents the high energy limit is wrong. Consequently, the form factor cannot be valid in the forward direction at high energies.
There have been two procedures used to overcome this difficulty: Florescu and Gavrila l2 have evaluated the matrix element for R scattering by atomic K-shell electrons in the limit of high photon energies at finite momentum transfers q.
The expression obtained for the matrix element is equivalent to'the one found by Goldberger and Low,ll The evaluation of the matrix element is carried out in momentum space for the case of a Coulomb atomic field.
Brown and Mayers, 13 following a previous suggestion of Franz 14 have proposed to usethe "modified" or "corrected" form factor (MFF) I mc 2 .
g(q) = 1/' *1/' e,qrd-r E-VIr) (5) (E = relativistic total energy of the bound electron,
instead of the form factor when calculating the small-angle scattering amplitude above 500 keY. Comparing the MFF with the exact amplitudes they found that it gave improved ~esults. 13 Furthermore, they noticed that the MFF exactly reproduces the zero-angle amplitude at infinite energy as calculated by Levinger and Rustgi, 15 and that it was suggested by the Born-approximation calculation of Brown and Woodward. 16 When the MFF is expanded in powers of Za, it reproduces the first-and second-order terms of this ap~ proximation. The MFF is favored in comparison to the approximation introduced by Florescu and Gavrila l2 because of the ease of carrying out the calculations on the basis of DHFS wavc functions for any subsheU of the atom. On the other hand, the range of momentum transfers where the approxi-J. Phys. Chem. Ref. Data, Vol. 12, No. 3,1983 mations are valid and the sizes of the deviations from the exact amplitUdes are roughly the same for both approximations. I • 17
Accuracy of MFF
The accuracy of the MFF has been studied by Kissel et 01.1 The upper limit of the momentum transfer where the MFF leads to reasonable results is given by (Zame)/n2 with n being the principal quantum number. Up to this momentum transfer the relative difference between the MFF and the exact amplitude is almost constant. In general the accuracy of the MFF increases with increasing photon energy and decreasing binding energies of the electrons. This means that thc relative difference between the MFF and the exact calculation is smaller for light atoms than for heavy atoms and smaller for outer shells than for inner shells. The errors in the resulting total-atom differential scattering amplitudes forlight-Z atoms will be less than 10% at energies of about 5E'x(E'x being theK-shell binding energy), 5% at about 10E K and 1 % at about 25£ K' The errors in the resulting total-atom dilicrential scattering amplitudes for beavy-Z atomll will be less than 1 % at about 3E K because of the larger number of outer electrons. l An improvement' of the accuracy of the forward-angle R amplitUdes may be obtained by combining the available exact R amplitUdes for the K shell with MFF amplitudes for the higher shells. For this purpose the present tabulations contain total-atom MFF amplitudes both with and without the K-shell wIltributiuIl.
Numerical Calculations of Form Factors
For the pure Coulomb potential, i.e., VIr) = -(Za)/r both the form·factor and the MFF maybe calculated by using the analYtic expressions of Bethe and Levingerll1 and Smend and Schuniacher. 19 The specialized versions for two electrons. in theK shell are f{q) 
{7}
(r ~l -Z2a 2), respectively, where in the latter expression the incomplete gamma function may be represented via the gamma function and the confluent hypergeometric.function. 19 These analytical expressions for the form factor are very helpful for the purpose of interpolation or for checking the validity of the numerical procedures described as follows. The present tabulation is based on self-consistent wave functions. For a complete subshell the electronic charge distrihution is of spherical symmetry. This means that the MFF may be written in the form i ' " m{'~ sin(qr)
qr (8) The potential V (r), the binding energy c = E -mc 2 , and the electron density I\W (Le., the sum of the squared large and small components ofthe wave function) were calculated for all charge numbers Z = 1 to 100 using the relativistic selfconsistent field program of Liberman et aUo Great care had to be taken to avoid numerical inaccuracies due to the rapid osciHation of the function sin(qr) for high momentum transfers q. This was achieved by approximating the function where the four integrals are given by analytical expressions. The intervals (rk' r k + I) ofthe radial mesh increase strongly with k and, therefore, contain an increasing number of periods of sin(qr). Hence, the evaluation of g(q) by using Eq. (11) largely reduces the errors due to round off arid cancellation of terms as compared to the direct numerical integration of Eq. (8) . This increase in accuracy was essential at high momentum transfers q where the direct numerical integration of Eq. (8) did not lead to meaningful numerical results. The numerical accuracy of g(q) achieved in this way was found to be better than 0.01 % for all Z and for all q.
For the determination of this accuracy the following checks have been carried out:
(i) The spline interpolation procedure was tested by applying it to x(r) = ItWr instead of ,p(r) = I,Wltmc 2 )1 [E -V(r)Jj and by using the resulting spline function for calculating the normalization integral IX (r)r dr. In all cases the result was equal to 1 within 0.01 %.
(ii) The spline interpolation and integration procedure (9) to (11) was applied to theMFF calculated from hydrogenlike wave functions instead of DHFS wave funtions. There was agreement with the analytical results 19 within 0.01%.
To minimize errors due to round off, g(q) was evaluated using double precision arithmetic.
Explanation and Discussion of Tables
The modified form factors FMFF(X,Z) listed in Table 1 are identical with the quantitiesg(q) defined in Eq. (11) of the present work. These moditied torm factorsfti,u'F Ix,Z ) should be used instead of the form factors F (x,Z) of Refs. 21 and 22 at energies above O. 5 MeV for predicting Rayleigh scattering at forward angles. Here Rayleigh scattering is the dominating process up to few MeV. At very high energies ( > SO MeV) Rayleigh scattering is negligible 23 • 24 even in the forward direction. Here, the dominating process is Delbriick scattering.
Z3
• 24 At intermediate energies, around 10 MeV, both Rayleigh and Delbriick scattering have to be taken into consideration.
25
- Table 2 shows nonrelativistic (FF), relativistic (RFF), and modifed (MFF) form factors F(x,Z) for a selected number of elements and momentum transfers. In addition, percent deviations of the FF and RFF from the MFF are given. As a general rule the MFF may be considered as an improved approximation of the exact scattering amplitudes as long as the three form factors are of the same order of magnitude. At higher momentum transfers where the differences are larger than 100% the MFF is no longer meaningful. Due to recent calculations 26 an increasing number of exact Rayleigh amplitudes have become available for the K shell. But only a few data have been calculated for the outer shells. i.e., L and higher shells. There is evidence 27 that for the outer shells the MFF is a useful approximation to the real parts of the scattering amplitudes up to momentum transfers of X = SO A -I, i.e., up to the angles emax (SO A -I) listed in Table 3 . For larger momentum transfers the real parts of the outer shell scattering amplitudes may be calculated from the relativistic form factors (RFF) scaled in proportion to the ratio of K-shell RFF and K-shell exact amplitudes. 1, 27 At very high momentum transfers where exact amplitudes are not availllble and where the MFF results of the present tabulation are not applicable, we recommend following the prescriptions given in Ref. 22. Modified form factors for specific subshells may be obtained from the authors on request.
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